• Anomaly mass target is represented by a set of polyhedral mass elements
Introduction
Gravity data sets can be measured by gravimeters installed at land-based stations, on airplanes and ships, and even on satellites. Due to rapid developments of high precise gravimeters and financial invests, a large amount of gravity data sets are available to explore the minerals in the shallow surfaces, to investigate regional structures in the upper crust, even to image the density distributions in the mantle [Hautmann et al., 2013; Panet et al., 2014; Ye et al., 2016; Martinez et al., 2013] . To effectively extract anomalous density structures from measured gravity data sets, there is an urgent demand to develop routines aiming to forward compute accurately gravity fields for a given mass body [Barnett , 1976; Hofmann-Wellenhof and Moritz , 2006; Ren et al., 2017a] .
The analytical expression (or closed-form solution) for a polyhedral mass body is the routine of choice as it not only can well approximates complicated mass bodies in the Earth, but also offers ultimate accuracies. Since 1950s, intensive studies have been devoted to search closed-form formulae of gravity field for a polyhedral mass body with polynomial density contrasts as polynomial density contrasts can easily approximate the complicated mass density contributions in the Earth. For low order polynomial cases, a large amount of closed-form solutions were derived, such as the constant case [Paul , 1974; Barnett , 1976; Okabe, 1979; Holstein and Ketteridge, 1996; Holstein et al., 1999; Tsoulis and Petrovi, 2001; Holstein, 2002; Tsoulis, 2012] , the linear case [Wilton et al., 1984; Holstein, 2003; Hamayun et al., 2009; D'Urso, 2014a; Ren et al., 2017b] , as well as the quadratic and cubic cases [D'Urso and Trotta, 2017; Ren et al., 2018a,b] . However, density contrasts in the realistic Earth generally have more complicated distributions than those described by low order polynomials. For instance, exogenetic and endogenetic processes in the earth generally can change the mass density structures of the crust and mantle into three dimensional structures whose densities can vary both in horizontal and vertical directions [Martin-Atienza and Garcia-Abdeslem, 1999] . Therefore, it is more reasonable to consider a general density contrast of polynomial forms (of arbitrary orders) to more better approximate the true complicated density contrasts of the Earth.
In very recent years, several efforts have been paid to address above issues. For a prism, Jiang et al. [2017] , Karcol [2018] and Fukushima [2018] successfully find closedform solutions of gravity field for density contrast varying along depth by following a polynomial function of arbitrary orders. For a prism, Zhang and Jiang [2017] derived closedform solutions of gravity field for density contrast varying both in horizontal and vertical directions and following polynomial functions of arbitrary orders. For a polyhedral prism, Chen et al. [2018] derived closed-form solutions of vertical gravity field with vertical polynomial density contrast up to arbitrary orders. A logic and theoretically important step is to find closed-form solutions of gravity field for a polyhedral body with arbitrary order polynomial density contrasts, which has not been addressed yet so far.
This study reports our latest finding which has successfully addressed above step.
We find analytic formulae of both gravity potential and gravity field for a polyhedral body with polynomial density contrast up to arbitrary orders. The density contrasts in the polyhedral body can simultaneously vary in both horizontal and vertical directions. We use two synthetic models to verify accuracies of the new analytic formulae.
Theory and new analytic formulae
Let us adopt a right-handed Cartesian coordinate system where x-axis, y-axis are horizontally directed, and positive z-axis is vertically downward. For a polyhedral mass body H, gravity potential (φ) and gravity field (g) at an observation site r ′ are [Blakely, 1996] :
where G = 6.673 × 10 −11 m 3 kg −1 s −2 is the gravitational constant, and R = |r − r ′ | is the distance from the observation site r ′ to a running integral point r in body H, with r ∈ H. The density contrast in the polyhedral body is denoted by λ(r), which is a polynomial function varying in both horizontal and vertical directions:
where a pqt is the constant coefficient which can be estimated by fitting measured field data sets, etc, from borehole [Blakely, 1996] . Non-negative integer n is the order of the polynomial function (n ≥ 0). Non-negative integers p, q, t are three suborders along x-, y-and z-directions, respectively (0
Seeking for simplicity, we first move the observation site r ′ to be the origin of the Cartesian coordinate system, that is r ′ = (0, 0, 0). After repeatedly using integration by parts, we finally obtain following formulae for both φ and g:
where
where N is the number of polygonal surfaces of the polyhedral body H, andn i is the outward normal vector of the i-th polygonal facet ∂H i . The unit vectors along x-, y-, and z-directions are denoted byx,ŷ,ẑ, respectively. Symbols I v and I s represent the volume integrals and surface integrals, , 1984] (working for a polyhedral body but with singularity), and our new formulae (singularity-free formulae designed for a polyhedral body).
Tables (2) and (3) show the gravity potentials and the vertical gravity fields computed by these four methods. When observation sites are outside the rectangular prism with x-coordinates ranging from 0 km to 9 km where no singularities exist, four solutions agree well with each other. , 1984] . The observation sites are equally spaced on the profile from x = 0 km to x = 15 km with y = 15 km and z = 0 km.
Differences of later three solutions referring to our closed-form solutions are marked by bold face.
φ (m 2 s −2 ) on the observation profile (y = 15 km and z = 0 m) In order to test performances of our closed-form solutions for varying density contrasts, the same prismatic body in Figure 1 is tested, but with quartic order density contrasts. The density contrast is mixed in both horizontal and vertical directions:
where the density is in units of kg/m 3 and x, y, z are in units of km. Totally, a number of 256 observation sites are uniformly arranged at a plane with horizontal coordinates ranging from 0 km to 30 km in both x and y directions. The measuring plane has a vertical offset of z = −2 km to the top surface of the prism, which means there are no singularities in the gravity field vector. Due to no closed-form solutions available, we have to use the high-order Gaussian quadrature rule with 512×512×512 quadrature points [Davis and Rabinowitz , 1984] to compute the reference solutions. Because the gravity field on this measuring plane is regular, therefore, the high-order Gaussian quadrature could generate reliable reference solutions.
We compare the gravity fields computed by both our formula and the high-order
Gaussian quadrature rule on this measuring plane, which are shown in Figure 2 . As expected, excellent agreements are obtained for all the three components of the gravity fields.
The relative errors between our solution and the high-order Gaussian quadrature rule's solution are less than 10 −10 %. As presented in Table 4 , the maximum absolute residual of the computed gravity field is 1.969 × 10 −12 ms −2 , which is far less than the instrument precision of typical gravimeters used in current gravity surveys (such as approximately 5·10 −8 ms −2 for CG-5 gravimeter [Reudink et al., 2014] ). The mean square residuals are less than 3.507×10 −14 ms −2 . These almost negligible residuals verify the high accuracy of our new formula for the case of varying density contrasts. However, happening to almost all analytical formulae [Holstein, 2003; Ren et al., 2018a; Jiang et al., 2018; Chen et al., 2018] , phenomenon of numerical instability still exist in our new formula when the distance between the observation site and the polyhedral mass body beyond a critical level. This phenomenon is caused by the limited machine precision to present the real number in the calculation, which can be resolved by using longer bits such as 128 bits to represent real numbers or equivalent real number representation methods. 
Discussion and Conclusions
We report the existence of closed-form solutions of gravity field for a polyhedral body with general density contrasts. The density contrast is represented by a polynomial function of arbitrary orders. This polynomial density function can vary in both horizontal and vertical directions. Our closed-form solutions are singularity-free which means that the observation sites can be located at any place outside, inside, on the vertices of and at the edges of the polyhedral bodies. A synthetic prismatic body with different density contrasts are tested to verify our formula's accuracies. Excellent agreements between our new solutions and other solutions verify the capability of our new findings to accurately calculate gravity fields. With our new findings, the door of room containing closedform solutions for polyhedral bodies with polynomial density functions can be closed.
